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Abstract. Every virtually cyclic group I that surjectsonto the inbnite dihedral group Dy con-
tains an index two subgroupIT of the form H >, Z. We showthat the WaldhausenNil-group
of " vanishesif and only if the Farrell Nil-group of IT vanishes.
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1 Statement of results

The BassNil-gro ups, Farrell Nil-grou ps, and WaldhausenNil -groupsappea respec-
tively as piecesin the computation of the algebraic K-theory of direct products, semi
direct products,and amalgamaions. While the BassNil-grou ps have beenextensiwely
studied, much lessis known for both the Farrell Nil-gro ups and the WaldhausenNil -
groups. For the purposesof computing the algebraic K-theory of inbnite groups, the
Nil-gro ups of virtually cyclic groups yield obstructions to certain assemby maps
being isomorphisms. In particular, the vanishing/non-vanishing of Nil-gro ups is of
crucial importance for computational aspectsof algebrac K-theory. In this short
note we prove the following result:

Main Theorem. Let I be a virtually cyclic group that surjects onto the infinite dihedral
group Dy , and I = Gy *y G be the corresponding splitting of groups (with H of index
two in both Gy and G). Let 11 = H X, Z < T be the canonical subgroup of T of index
two, obtained by taking the pre-image of the canonical index two Z subgroup of Dy .
Then for i = 0,1, the following two statements are equivalent:

(A) The Waldhausen Nil-group NK;(ZH;Z|G1— H],Z[G, — H]) for the group T =
G1 xg Go vanishes.

(B) The Farrell Nil-group NK;(ZH o) for the group I1 = H X, Z vanishes.

The proof of our Main Theoremwill be completed in Section2, with someconclud-
ing remarksin Section3.

Next, let us recall that the Farrell-Joneslsomorphism Conjecture for a bnitely gen
eratedgroup I” statesthat the assemby map:
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2 J. F. Lafont, I. J. Ortiz

HY(Eyc(T);KZY ) — HN (EaLL (T);KZ7Y ) = K,(ZT)

is an isomorphism. The term on the left is the generalzed equivariant homology
theory of the spaceEy ¢(I') with cogicients in the integral K-theory spectrum,where
the space Ey ¢(T') is a classifying spacefor T"-actions with isotropy in the family V C
of virtually cyclic subgroups. The term on the right givesthe algebrac K-theory of
the integral group ring of T.

Explicit models for the classfying space Ey c(I') are known for few classesof
groups: virtually cyclic groups (take Ey c(I") to be a point with trivial action), crys-
tallographic groups (by work of Alvesand Ontaneda[AOQ6]), hyperbdic groups (by
work of JuanPinedaand Leary [JL], and Luck [Lu05]), and in the caseof relatively
hyperbolic groups (due to the authors [LO]). In contrast, explicit modelsare known
for Er n (I') for many classesof groups (see[Lu05] for a thorough survey), where
Er N (T) is aclassfying spacefor I'-actionswith isotropy in the family of Pnite sub-
groups. Furthermore, the algebraic K-theory of bnite groups is much better under-
stood than the algebraic K-theory of virtually cyclic groups. As sud, it is interesing
to know whether one can further reducethe computation of the algebrac K-theory
of the integral group ring of T to the computation of H! (Er iy (T); KZ7Y ), i.e.,
whetherthe natural map:

HY(Eein (T);KZ7Y ) — HY (Eyc(T); KZ™Y )

is an isomorphism. There is a well known criterion for this, namely the map will be
an isomorphism for all n < ¢ if and only if, for every inpnite virtually cyclic subgroup
Q of T', the map:

HZ2(Eein (Q);KZ7Y ) — K,(ZQ)

is an isomorphism for all n < ¢ (see[DL98, Theorem 2.3] for ¢ <y , and [FJ93,
Theorem A.10] for ¢ =y ). Since the cokernel of thesemaps are precisey the Nil-
groups, our main theoremnow givesus the following

Corollary. Let T be a finitely generated group, and g = 0 or L. Then the following two
statements are equivalent:

e the relative assembly map
H, (Erin (D);KZ7 ) — H, (Bvc(T):;KZ™)
is an isomorphism for n < q,

® for every subgroup H X, Z < T with H finite, and for every n < q, the Farrell Nil-
group NK,(ZH o) for the group H X, Z vanishes.

If in addition, we know that the Farrell-Jones Isomorphism Conjecture holds for the
group T, then we have that (for n < q):

HY(Epin (T);KZ7Y ) = K, (ZT).
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Relating Nil-groups 3

Proof. We start by recalling that Farrell-Jones[FJ95] have shownthat the Nil-gro ups
(Bass, Farrell, and Waldhausentype) always vanish for n < —1. So we focus on
n=0,1.

The proof follows immediately from the discussion above: if one has an inbnite
virtually cyclic subgroup of the form H x,7Z for which the Farrell Nil-group
NK,(ZH,x)0 0, thenthe criterion abovetellsusthat the relative assemity map fails
to be an isomorphism for n. Let us now argue for the converse.We know that every
inbnite virtually cyclic subgroyp Q of T is either a semidirect product H >, Z, or
surjects onto the inbnite dihedral group Dy . For groups of the brg type, we have
that the Farrell Nil-gro up vanish (by assumpton). For groupsof the secondtype, we
know that thereis an index two subgroup which is a semidirect product of a bnite
group H with Z (whereZ actson H via some automorphism ¢). Our main theorem
saysthat if the Farrell Nil -group NK,,(ZH , «) associaédto the semidirect product is
zero (which holds by hypothesis),thenthe WaldhausenNil-gro up associaedto V" are
likewise automatically zero. In particular, if the Farrell Nil-grou ps vanish for every
inPnite virtually cyclic subgroup of the form H >, Z, then the Nil -groups vanish
for every inbnite virtually cyclic subgroup Q in I'. The criterion discussedabove now
impliesthat the relative assemly map is actually an isomorphism. r
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paper by the authors [LO]. The technique in that previous paper (and henceulti-
mately the technique in the present paper) was originally suggestedto us by Tom
Farrell. We would like to thank Tom for his suggestn, as well as for his friendly
advice throughout the years.

In addition, we would like to thank J. Grunewald, D. Juan-Pheda,|. Leary, S.
Prassdis, and M. Varisco for helpful commentson a preliminary draft of this paper.
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2 Proof of the Main Theorem

In this section,we will provide a proof of the main theorem. The proof will make use
of two mapsto comparethe K-theory of ZI" with the K-theory of ZIT:

e the maps o. : K;(ZI1) — K;(ZT"), functorially induced by the inclusion IT — T,
and the transfer maps ¢* : K;(ZT") — K;(ZI1) (seeFarrell-Hsiang [FH78]). This
will be usedto establish (A) = (B).

e a map mA :7w,P(E;pg) — P (E) between suitably dePned spectra of stable
pseudo-isatopies(seeFarrell-Jones[FJ95]). This will be usel to establish (B) = (A).

Recal that in the situation we are dealing with, the group I1 = H ~, Z is the ca-
nonical indextwo subgroup of the group I' = Gy *y Go.

Another resut we will needis that, as shown by Farrell-Hsiang [FH68], the group
K;(ZI1) can be expressedn the followin g form:
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4 J. F. Lafont, I. J. Ortiz
(1) Ki(ZH,[Z]) ~ C| NK;(ZH,x)l NK;(ZH, ac‘l)

where C is a suitable quotient (determined by the automorphism «) of the group
K, 1(ZH)! K;(ZH). On the other hand, a classt result of Waldhausen[W78a],
[W78b] (asreformulated by Connolly-Prasstdis [CP0Z) expresseX;(ZI') as:

(2) K,(Z[Gl *p GZ])
~ NK{ZH;Z[G, — H),Z[G, — H))| [(Ki(ZGy)| K(ZGy))/K:(ZH)).

We will brg estabish that (A) = (B) (in Sedion 2.1). We will then briel3y recdl a
construction of Farrell-Jones [FJ95] of a stratiPed Pber bundle p, : E — X, for a
suitably debred spaceE, and stratibed control space X (Section2.2). We will also
explain in that sectionthe relevence of their resut to what we aretrying to establish.
Next we shdl usethe topology of the spaceg*(x) for x A X, to gain information on
the E2-terms in the Quinn spectral sequenceseeSection 2.3). Finally, we shall use
the information we obtain concemning the spectral sequencedo prove that (B) = (A)
(Section2.4). Throughout Sedions 2.1E2.4, we will be working exclusively with the
casei = 1. We will complete the proof in Se¢ion 2.5 by explaining the required
modiPcations nealed to obtain the casei = 0.

2.1. Vanishing of Waldhausen Nil forces vanishing of Farrell Nil. In order to show
that (A) = (B), we brstassumethat the WaldhausenNil-group NK;(ZH; Z|G, — H],
Z[G, — H]) = 0. Note that under this hypothess, the decomposition in equaion (2)
reducesto:

Ki(Z[Gy #y Ga)) = (KU(ZG1) | Ki(ZGy))/Ky(ZH)

We now want to arguethat the correspnding Farrell Nil-group NK1(ZH , o) is triv-
ial. The key obsenation is contained in the following:

Lemma 2.1. The map o. is injective on the subgroup NK1(ZH o) in the decomposition
(1) of the group Ki(ZI0).

Proof. This follows from [FH68, Proposition 20], which shows that the composite
mapo* o g, : Ki(ZI1) — K;(ZIT) hasan explicit expressiorin termsof the decom-
sition of K;(ZII) givenin equation (1) above it mapsan elenentin the NK;(ZH, «)
summand to the sum of itself with the image of this element under the canonical
isomorphism 7 : NK;(ZH,«) — NK1(ZH,o™). This can be seenas follows: in the
short exactsequence

0—-nI—-Ir—-2z/2—0

the Z/2 actson Il = H >, Z via the map z — —z on the Z factor. But the Farrell
Nil-groups NK1(ZH,«) and NK;(ZH,«™ ') are canonically associaed to the sub-
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Relating Nil-groups 5

semiings Z[H >, Z") and Z[H >, Z" |, whereZ*, Z~ refersto the non-negatve and
non-positive integersrespectivdy. Since the action of Z/2 on II interchangesthese
two sub-emirings inside ZI1, the induced action of the non-trivial element g AZ/2
on the K1(ZII) interchangesthe two summands NK;(ZH,«) and NKy(ZH,o™1)
via the canonical isomorphism 7 (this map was precisely the one used by Farrell-
Hsiang to seethat thesetwo Nil-grou ps are isomorphic). Now the composte map
o* o g, : Ki(ZI1) — K1(ZI1) is given by the following formula

X+ Xy az/29+(X)

where g, : K;(ZI1) — K;(ZI1) is the map induced on the K-theory of ZII via the
action of g on IT (recal that IT isnormal in T'). In the situation we areinteresedin, the
discussion above implies that for x ANK;(ZH, o), we have (6* o g,)(x) = x + 7(x),
where t: NK1(ZH,o) — NK1(ZH, o 1) is the canonical isomorphism. This implies
that the composte map ¢* o g, is injective on the NK;(ZH o) summard, and hence
the map o, must likewise be injective, concluding the proof of the lemma. r

In particular, in the decompostion of the group K;(Z[G1 g G]), we have that
the group NKi(ZH, o) injectsinto the group (Ki(ZG1)| Ki(ZG»))/Ki(ZH). Since
the latter group is a Pbnitely generatedabelian group, this implies that the group
NK,(ZH,0) is bnitely generated But Grunewald [G1, Theorem 2.5] and Ramos [R]
independenty showel that the groups NK;(ZH, «) are either trivial or inPnitely gen
erated This forcesNK;(ZH , o) to vanish, establshing (A) = (B).

2.2. Some results of Farrell-Jones. Farrell and Jonesin [FJ95, Section2] debPneda 3-
dimensional stratibedcontrol space X, and constucted from the pair IT — I" a strati-
PedPberbundle E over X. The stratibed control spaceX contains a distinguished
point p, and the stratibed Pberbundle p, : E — X in their construction hasthe fol-
lowing properties:

e [ is a closedmanifold with 71 (E) = T,

e for everyx AX satisfying xO p, the group =1(E,) is a Pnite group,
e for the distinguishedpoint p AX, 71(E,) = II.

where E, = pzt(x).

The important resut for our purposesis [FJ95, Theorem 2.6], establshing that the
group homomorphism

3) A P (E;pg) — mP (E)

is an epimorphismfor everyintegeri. Here P (E) is the spectrum of stabletopological
pseudoisotopieson E, P (E, py) isthe spect[umof tho§establepseudoisotopieswhich
are controlled over X via pg, and A is the OassenyOmap.
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Now the relevanceto the situation we are consdering is that, by resuts of Ander-
son and Hsiang [AH77, Theorem 3], the lower homotopy groups of the psaido-
isotopy spectrum coincide (with a shift in dimensbn) with the lower algebraic K-
theory of the integral group ring of the fundamental group of the space.In particular,
we havethat the right hand side of the map in (3) is given by:

nP (E) =4 Ko(ZT), j= -2
1<j+2(zr)7 Jj=<-3

To understand the left hand sideof the map givenin (3), we recall that Quinn [Qu82,
Theorem 8.7] constucted a spectral sequence E”, abutting to =, P (E; pg) with
E?, = H{(X;{mnP (pg)}). Here {n,P (pr)}, ¢ AZ, denotesthe stratiped system of
abelian groups over X wherethe group abovex AX is 7P (pgt(x)).

Note that by Anderson and HsiangOsesult (see[AH 77, Theorem 3]) mentioned
above,we also havethat for every x:

Wh(nl<EX))7 j=-1
7ZjP (EX) = Ko(Zn']_(EX)), ] = —2
I<j+2(znl(Ex))a j <-3

where E, = pz(x).

2.3. E*-terms in the Quinn spectral sequence. Let us now assumethat (B) holds, and
let us analyzethe E2-terms in the Quinn spectralsequenceRecal that in our situa-
tion, we havethat the groups 71 (E,) areall bnite, excep at one distinguishedpoint p
where 1 (E,) = I1. In particular, sincethe lower algebraic K-groups of the integral
group ring of a Pnite group are Pnitely generated, this implies that the groups
7;P (E) are Pnitely generatedgroups, except possildy over the distinguished point p.

We now focus on the distinguished point p, and recall that we are assumingthat
the Farrell Nil-group NK1(ZH, o) is trivial. Since the Nil-groups NKi(ZH,«) and
NK(ZH,«*) are canonically isomorphic (see[FH 68, Proposition 20]), we conclude
that the Nil-gro ups vanish. This implies, by the formula for K;(ZII) givenin equa-
tion (1) that K3(ZI1) = C. Recall that C is a suitable quotient (determined by the
automorphism o) of the group Ko(ZH)| Ki(ZH). Since H is Pnite, we have that
Ko(ZH) and K1(ZH) are bnitely generated,and it follows that K;(ZII) = C is b-
nitely generated.Since Wh(IT) is a quotient of K1(ZIT), this impliesthat the White-
headgroup Wh(I1) is likewise bnitely generated.

From the resut of Anderson and Hsiang [AH 77], this tells us that at the dis-
tinguishedpoint p,

1P (E,) = Wh(my(E,)) = Wh(IT)

is Pnitely generated Furthermore, by results of Farrell-Jones[FJ95, Corollary 1.3]
we know that for j < —4, the groups
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Relating Nil-groups 7
mP (Ep) = Kjs2(Zni(E,)) = Kjv2(ZI1)

vanish, and that the group n_sP (E,) = K_1(Zn1(E,)) = K_1(Z1I1) is Pnitely gen
erated We summarize the information we have so far concemning the homotopy
groups ;P (E,) in the following:

Fact 1. For the distinguished point p AX, we have that for j < —1, the groups
n;P (E,) are bnitely generated,excef possibly for the casewhere j = —2. For all
other points x0 p in X, the groups ;P (E,) are Pnitely gereratedfor all j < —1.

Now in termsof the stratipedspaceX’, let usrecall how the E2 term of the spectral
sequencecan be computed. The spaceX is a stratibed 3-dimensicnal CW-complex,
with six cells. Furthermore, for points x, y AX lying in the interior of the same
strata ¢, we have that E, is homeonorphic to E, (we will denote this common
space by E,»). In particular, the stratibPed systemof abdian groups is constant on
the interior of eachcell. Then the E[iq term is given by the homology of the chain
complex:

@ P (Eys) = D P (Eye) = @ 7P (Egps) — -

gprtl 24 gr-1

whereeachsumis over all appropriate dimensbnal stratain the decmmposition of X
Note that from this chain complex, and the fact that X is 3-dimensiond, we imme-
diately seethat Epzq =0assoonasp < —1or 4 < p. Smilarly, sinceall the groupsin
the chain complex are trivial for ¢ < —4, we seethat for suchvaluesof g, E2 =0.
This givesus:

Fact 2. The only Ezq-termsthat can be non-zero are thosefor which 0 < p < 3 and
—3 < ¢. In particular, the spectralseqiencecollapses(by the E4-stage).

Next we obsene that the distinguished point p AX is actually a 0-cel in the CW-
complex structure on X. From Fact 1 above, along with the chain complex descib-
ing the E2-terms, we immediately obtain the following:

Fact 3. Within therangeq < —1, all the E2-terms in the spectralsequencere finitely
generated, with the possille exception of the E& _, term.

2.4. Vanishing of Farrell Nil forces vanishing of Waldhausen Nil. Now that we have
gathered together information on the E2-terms of the spectral sequence(assumig
statenent (B) holds), let us showthat staterrent (A) must also hold.

Observethat, in an arbitrary spectralsequenceif a term E2 + 4 1S Pnitely generded,
then Ek1 is Pnitely generatedfor all k > 2. Furthermore, we have that if a term

g =0, then Elﬁfq =0 for all k> 2. From Fact 2, our seqiencecollapsesby the
E4—term, and we seethat the only possble non-zeio terms satisfying p +¢ = —1
are Eg _;, Ef ,, and E; ;. Combining Fact 3 with the obsenation above, we see
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that 7 1P (E;pg) = Eg ;1 Ef ,1 Ej_5is Pnitely generted, and by Farrell-Jones
[FJ95, Theorem 2.6}, this group surjects onto n_1P (E) = Wh(I'). In particular, we
seethat the group Wh(I") must be bnitely generated and hencethe group K1 (ZT') is
Pnitely generated.From the deconposition in equaton (2), we seethat the Wald-
hausenNil-group NKi(ZH;Z|G1 — H],Z|G» — H]) is a direct summard in K;(ZTI'),
and hence,must also be bnitely generated.But Grunewald [G1] has shownthat the
WaldhausenNil-gro up is either trivial or inPnitely gererated. We conclude that the
WaldhausenNil-grou p isin fact trivi al, completing the proof that (B) = (A).

2.5. Modifications for the case i = 0. We now proceal to explain the modibcations
requiredto ded with the casei = 0. The argumert given abovewould extendverba-
tim, provided we had analogues for i = 0 for the following key results (known to
hold for i = 1):

e theresultin [FH68, Proposition 20], usel in the proof of Lemma 2.1.

e the results of Ramos [R] and Grunewald [G1] establshing that the Waldhausen
and Farrell Nil-grou ps are either trivi al or inPnitely generated

To explain why theseresultsextend to i = 0, we recall some basic facts concerning
the sugension functor from rings to rings. The cone ring AZ of Z is the ring of
matricesover Z suchthat every column and every row contains only Pnitely many
non-zeio entries. The suspensin ring £Z is the quotient of AZ by the ideal of b-
nite matrices.For an arbitrary ring R we debnethe suspensin ring R =XZn R.
The sugpensia fuctor £Zn — hasthe key property that K;(R) =~ K;1(2R) for all
iAZ.

Fact 4. For IT < T" asin our M ain Theorem, with respet to the deconposition
Ko(ZH,|Z)) =~ C| NKo(ZH,x)| NKo(ZH,o ™)

we have for all x ANKo(ZH,x) the equaity (¢*oa,)(x)=x+1(x), where
T: NKo(ZH,a) — NKo(ZH, o 1) is the canonical isomorphism.

To establishthis fact, we merely note that [FH68, Proposition 20] holds for any ring
R, and establistesthat, for an abdract ring automorphism «;, we have (1) the K; of
the twisted ring R,[T] can be computed via

K1(R,[T]) = Cl NKi(R,x)l NKi(R,a™ %),

where C is somesuitable quotient of Ko(R)l Ki(R), and (2) the groups NK;(R, «)
and NK;(R,« 1) are canonically associaédto the sub-semiings R,[T"] and R,[T].
Here T is an inbnite cyclic group, 7" and T~ the semgroup gererated by the gen-
erator and the inverseof the generata respectivdy.

Now obsene that there is a canonical ring isomorphism Z(R,[T]) = (ZR)4, ,[7T]
(see[G2, Remark 2.12part (2)]). Thisinducesa commutative diagram:
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Relating Nil-groups 9

Ko(R,[T]) —— Ko(R)

K1 (Z(R,[T])) —— Ki(ER)

which implies that the kernel of the top row is isomorphic to the kernel of the
bottom row. But these groups are, by debnition, NKo(R, )l NKo(R,«™1) and
NK1(ZR,1n o)l NK;(2R,1n «°1) respectively. Furthermore, the functor = maps
the sub-seming R,[7"] (and R,[T~]) of the ring R,[T] to the sub-emiring
(ZR)y, ,IT7] (and (ZR),, [T~ ], respetively) of the ring (ZR),, ,[T]. This forces
the isomorphism above to restrict to isomorphisms NKo(R, ) = NK1(2R,1n o)
and NKo(R,a™1) = NK;(2R,1n «71) respectvely. Finally, under the situation we
are deding with, we note that the non-trivial element g AZ/2 = I"/I1 which actson
R = Z11 by interchanging the two sub-emirings R,[7"] and R,[7~] commuteswith
the functor X, and henceacts on (£R),, ,[7] by pemuting the two sub-emirings
(ZR)y, ,IT7] and (ZR),, ,[T~]. This implies that the map ¢ acts on the decomposi-
tion of Ko(ZI1) by interchangingthe two factors NKo(R, «) and NKo(R,«™1), aswas
required in the argument of Lemma 2.1. This completesthe veribcaton of the brg
point mentionedabove

For the secondpoint mentioned above we note that, by the argumert in the pre-
vious paragraph, we havethat NKo(ZH , o) =~ NK1(2(ZH),1n o). SinceGrunewald
[G1] showal that the NK;(R, f) is either trivial or inPnitely generated,for any ring
R and any automorphism f of bnite order, we immediatdy have the corresponding
property for NKy. A similar argument shows that, for the Waldhausen Nil -groups
we haveisomorphisms:

NKo(ZH;Z|G1 — H|, Z[G> — H])
=~ NKi(X(ZH); X(Z[Gy — H]),X(Z[G, — H]))

Note in the above expressionthat the functor ¥ has a natural extersion to left
bimodules,in the sensethat if B is a left bimodule for the ring R, then XB is a left
bimodule for R (see[G2, Section2] for more details). Applyi ng GrunewaldOsesult
for NK; to the right hand term, concludesthe argument for the following:

Fact 5. For IT < T" asin our main theorem, we havethat both

e the Farrell Nil-group NKyo(ZH, o), and

e the Waldhausen Nil-group NKo(ZH;Z|G1 — H],Z|G, — H)),

are either trivial or inbnitely gererated.

Finally, we explain how Facts 4 and 5 can be usedto promote the argumentsin

Sedions 2.1ER.4. Using Fact 4, the proof in Lemma 2.1 extends verbatim to show
that the map o, : Ko(ZI1) — Ko(ZT') is injective on the subgroup NKo(ZH, ). Using
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10 J. F. Lafont, I. J. Ortiz

Fact 5 and the deconpositionsof Ko(ZIT) and Ko(ZT") givenin equatons (1) and (2),
the argumentsin the last paragraph of Section2.1yield the implication (A) = (B) for
the casei = 0.

In the proof of the converse,the sole changesoccur in Sedion 2.3, Fact 1, where
all the groups z;P (E,) are Pnitely gererated excepi possilly for j = —1 (instea of
j = —2). Correspandingly, there is a change in Fact 3, where within the range
g < —1, all the E?-terms of the spectralsequenceare Pnitely gererated exceqt posst
bly for the Egﬁl term. The argument in Section2.4 allows one to conclude that the
group n_,P (E;pg) = Eg ,| E; 5 is bnitely generated and the rest of the discus-
sionin Section2.4, along with Fact 5, completesthe converseimplication (B) = (A)
for the casei = 0.

3 Concluding remarks

While our main theorem provides a relationship between the Farrell Nil-grou ps and
the Waldhausen Nil-grou ps, one can speculate about whether one can establsh a
further reduction to the BassNil-grou ps. This motivates the following:

Question. For an arbitrary ring R, are the following two statenentsequivalent:
e the BassNil-group NK;(R) vanishesand

e the Farrell Nil -groups NK;(R, «) vanish for every automorphism o of the ring R.

This last quesion seemsextrenely didcult to answver. The most interesing case
would be wherethe ring R is the integral group ring of a bnitely generatedgroup G,
and the automorphismsare generatedby automorphismsof G.

Finally, we point out that if one doesnot assumevanishing of the Farrell Nil -group
of I1, the Quinn spectralsequencestill givesus some information relating the Farrell
Nil-group of IT with the WaldhausenNil-gro up of I'. Indeed, a more careful analysis
of the Quinn spectral sequencecan be usal to show that the Farrell Nil-group ap-
pearing in the E? term suwvives to the E* stage,and surjects onto the Waldhausen
Nil-group (seePrassdis [P97, pages412P413] for a similar analysis). This is moti-
vated by the well-known philosophy that, in the map of Farrell-Jones:

A P (E;pp) — mP (E)

the controlled (resp. non-cortrolled) part of the pseudo-isotopy spectrum P (E; pg)
must map to the controlled (resp. non-controlled) part of the pseaudo-isatopy spec-
trum P (E). The non-controlled part is preciselythe Nil-grou ps.

Now one could usethis surjection to show that the exponentof the Waldhausen
Nil-group must divide the exponent of the Farrell Nil-group. We observehowever
that the estimatesthis would yield provide no improvement on known estimates(due
independettly to Grunewald [G1] and Ramos[R]). In the interestof clarity of expo-
sition, the authors have chosento omit this further analysis, leaving the details to the
interestedreader.
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